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Abstract. In this paper we extend the classical Follow-The-Regularized-
Leader (FTRL) algorithm to encompass time-varying constraints, through
adaptive penalization. We establish sufficient conditions for the proposed
Penalized FTRL algorithm to achieve O(+/t) regret and violation with
respect to a strong benchmark X***. Lacking prior knowledge of the
constraints, this is probably the largest benchmark set that we can rea-
sonably hope for. Our sufficient conditions are necessary in the sense
that when they are violated there exist examples where O(v/t) regret
and violation is not achieved. Compared to the best existing primal-dual
algorithms, Penalized FTRL substantially extends the class of problems
for which O(+/t) regret and violation performance is achievable.
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1 Introduction

The introduction of online convex optimization (OCO) [15] offered an effective
way to tackle online learning and dynamic decision problems, with applications
that range from portfolio selection, to routing optimization and ad placement, see
[3]. One of the seminal OCO algorithms is the Follow-The-Regularized-Leader
(FTRL), which includes online gradient descent and mixture of experts as special
cases. Indeed, FTRL is widely used in different contexts, e.g., with linear or non-
linear objective functions, composite objectives [8], or budget constraints [1].
The general form of the FTRL update is:

Tr41 € arg min {Rr(l‘) + ZFi(x)} (1)

where action set X C R”™ is bounded, function F; : X — R and regularizer
R, : X — R are strongly convex. When the sum-loss > |_, Fi(x) is convex
and F;(z) and (R;(z) — R;—1(x)) are uniformly Lipschitz, the FTRL-generated
sequence {2, }t_, induces regret 3_, (Fi(zi) — F;(z)) < O(Vt),Vze X, cf. [8].
Importantly, the set X of admissible actions must be fixed and this is intrinsic
to the method of proof, i.e., it is not a minor or incidental assumption.

The focus of this paper is to extend the FTRL algorithm in order to ac-
commodate time-varying action sets, i.e., cases where at each time 7 the fixed



set action X is replaced by set X, which may vary over time. We refer to this
extension to FTRL as Penalized FTRL or Pen-FTRL.

In general, it is too much to expect to be able to simultaneously achieve O(v/t)
regret and strict feasibility x, € X, 7 = 1,...,t. We therefore allow limited
violation of the action sets {X,} and instead aim to simultaneously achieve
O(V/t) regret and O(\/t) constraint violation. That is, defining loss function
fr ' D — R on domain D C R™ and constraint functions g(J ). D — R such
that X, = {ac e D: ggj)( ) <0,5=1,... ,m} then we aim to simultaneously
achieve regret and violation:

Re = Z (fz(a:z) - fz(x)> <0 Zmax {0 Zg(J) } o)

=1

foralla:EXtm‘“”:—{aseD ZZ 1gZ ( )<0,5=1,....,m

Importance of Using A Strong Benchmark. We know from [7] that O(v/t) re-
gret and violation with respect to benchmark set X/"** is not achievable for all
possible sequences of constraints {ggj )}. It is therefore necessary to: (i) change
the benchmark set X/"** to something more restrictive; or (%i) restrict the ad-
missible set of constraint sequences {ggj )}; or (#i) both. In the literature, it is
common to adopt the weaker benchmark:

Xmin . {xeD:g§J>(x) <0i=1,....4,j= 1,...,m} c xmas
i.e., to focus on actions x which simultaneously satisfy every constraint at every
time. But this weak benchmark is in fact so restrictive and easy for a learning
algorithm to outperform, where the achieved regret R, is often negative.

One of our primary interests, therefore, is in retaining a benchmark that is
close to X["**. To this end, we consider the following benchmark:

Xtm‘“”::{xeD Zg(]) ) <0,Vj=1,. 7217-"at}'

We can see immediately that X" c X% The set X]"** requires i gl(] )( ) <
0 to hold at every time 7 < ¢ rather than just at the end of the horizon t, and

so is still smaller than X[***. Lacking, however, predictions or prior knowledge

(G )7 it is probably the best we can reasonably hope for. To

of the constraints g,
illustrate the difference between X{"‘” and X" suppose the time-varying con-
straint is < 1/y/t. Then X" = [0,1/+/t] which tends to set {0} for ¢ large,
Xper = D =[0,1] for t > 1, and X" = D = [0, 1].

Role of Pen-FTRL. Almost all of the literature focuses on using primal-dual
algorithms to accommodate time-varying constraints (see Sec. 2). In contrast,
here we use a direct penalty-based approach [12], which we refer to as Penalized
FTRL or Pen-FTRL. This has the important advantages of (i) conceptually sep-

arating the issue of multiplier selection (i.e. A in the above primal-dual update)



from the issue of sum-constraint violation and so facilitating analysis; and (%)
maintaining a direct link with the well-established FTRL algorithm.

Contributions. In summary, the main contributions of the present paper are:
(i) introduction of the Pen-FTRL extension to FTRL; and (%) establishing suffi-
cient conditions for Pen-FTRL to achieve O(v/) regret and violation with respect
to benchmark X{”‘” Lacking prior knowledge of the constraints, X{”“T is prob-
ably the largest benchmark set that we can reasonably hope for. Our sufficient
conditions are necessary in the sense that when they are violated there exist
examples where O(v/t) regret and violation is not achieved. Compared to the
best existing primal-dual algorithms, Pen-FTRL substantially extends the class
of problems for which O(v/t) regret and violation performance is achievable.

2 Related Work

The literature on online learning with time-varying constraints focuses on primal-
dual algorithms (see update (7) in the sequel), and largely fails to obtain O(v/t)
regret and violation simultaneously even w.r.t. the weak X;™" benchmark. The
standard problem setup consists of a sequence of convex cost functions f; : D —
R and constraints gt(j) : X - R, j=1,...,m, where actions x € D C R™. The
canonical algorithm performs a primal-dual gradient descent iteration, namely:

v =1Tp (w0~ (@fu(e) + M Dgu())) , Meva=[(1- 00+ man(ren)] (@)

with step-size parameters 7;, p; and regularization parameter 6;; while ITp(«)
denotes the project of o onto D. Commonly, the parameter 6; = 0, with excep-
tions being [6], [4], and [10] that employ non-zero 6;. [14] approximate g;(x¢41)
in the A\ry1 update by g¢(x¢) + 0gi () (1 — x1). ‘

The R; is commonly measured w.r.t. the baseline action set X;*'", with the
exception of [11] where a slightly larger set is considered; [14] that considers
stochastic constraints and the baseline action set is {z € D : E[gl(])(x)] <
0,7 =1,...,m}; and [5] which considers a K-slot moving window for the sum-
constraint satisfaction. The original work on this topic restricted attention to
time-invariant constraints gi(j )(x) = ¢gU)(z). With this restriction, the work in
[4] achieves Ry < O(max{t? t'=#1) and V; < O(t'7#/2) constraint violation,
which yields Ry, V; < O(t*/?) with 8 =2/3. Similar bounds are derived in [6].
It is worth noting that these results are primarily of interest for their analysis
of the primal-dual algorithm rather than the performance bounds per se, since
classical algorithms such as FTRL are already known to achieve O(y/t) regret
and no constraint violation for constant constraints.

For general time-varying cost and constraint functions, [10] achieves O(v/t)
regret and O(t>/*) constraint violation; [5] achieve R; = O(v/t 4+ Kt/V) and
Ve = O(\/W), with K = 1 corresponding to baseline set X" and V a design
parameter. Selecting V' = v/t gives O(v/t) regret and O(t3/4) constraint violation,
similarly to [10]. By restricting the constraints, [11] improves this to O(v/1)
regret and constraint violation. As already noted, this requires restricting the
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Fig.1: Illustrating use of a penalty to convert constrained optimization
ming. <o f(2) into unconstrained optimization min, f(z) + ymax{0, g(x)},
~v > 0. Within the feasible set g(z) < 0 and ymax{0, g(x)} = 0. Outwith this
set ymax{0, g(z)} = vg(z) >0. The idea is that + is selected large enough that
outwith the feasible set f(z)+ymax{0, g(x)} > f*, the min value of f inside the
feasible set.

constraints to be ggj)(x) = g (x) — b;; with b;; € R i.e. the constraints are
g (z) < bgj ) with time-variation confined to threshold ng ). Yu et al [14] also
achieve O(v/) regret and ezpected constraint violation (i.e. E[>/_, gi(j )(xt)] <
O(\/1)), this time by restricting the constraints to be i.i.d. stochastic. Yi et al [13]
obtain Ry, Vy = O(tQ/ 3) by restricting the cost and constraint functions to be
separable, while [2] focuses on a form of dynamic regret that upper bounds the
static regret and show o(t) regret and O(t?/?) constraint violation under a slow
variation condition on the constraints and dynamic baseline action.

3 Preliminaries

3.1 Exact Penalties

We begin by recalling a classical result of Zangwill [12]. Consider the convex
optimization problem P:

min f(z) s.t. g (x)<0,j=1,---,m

xeD
where D C R™, f : R* - R and ¢¢¥) : R* - R, j = 1,---,m are convex. Let
X:={x:x€D,gY(z)<0,j7=1,---,m} denote the feasible set and X* C X
the set of optimal points. Define:

F(x):= f(x) —|—'yZmaX {O,g(j)(x)}, v eR. (3)

Jj=1

F(z) is convex since f(-), g¥)(-) are convex and max{-} preserves convexity.
The key idea is that the penalty (second term in (3)) is zero for z € X, but
large when 2 ¢ X. Provided ~ is selected large enough, the penalty forces the
minimum of F(z) to (i) lie in X and (%) match min,ex f(z); see example in
Fig. 1. The next lemma, proved in the Appendix, corresponds to [12, Lemma 2].



Lemma 1 (Exact Penalty). Assume that a Slater point exists i.e. a feasible
point z € D such that gU)(z) < 0, j = 1,--- ,m. Let f* := inf,cx f(x) (the
solution to optimization P) . Then there exists a finite threshold vy > 0 such
that F(x) > f* for all x € D, v > 7, with equality only when x € X*. It is
f=fx)-1

sufficient to choose vy = e o T

3.2 FTRL Results
We also recall the following standard FTRL results (for proofs see, e.g., [9]).

Lemma 2 (Be-The-Leader). Let F;,i = 1,...,t be a sequence of (possibly
non-convez) functions F; : D — R, D C R™. Assume that argmingep >.._, F;(z)
is not empty for T = 1,...,t. Selecting sequence w;y1,i = 1,...,t according to
the Follow The Leader (FTL) update w,4q € argmingep .., Fi(x), ensures

Yoy Filwiry) < 325, Fi(y) for every y € D.

Condition 1 (FTRL) (i) Domain D is bounded (potentially non-convez), (ii)
Yoi_, Fi(z) is convex (the individual F;’s need not be convex), (ii) F;(x) is
uniformly L;-Lipschitz on D i.e. |Fi(z) — F;(y)| < Lyllx — y|| for all z,y € D
and where Ly does not depend on i, and (iv) R, (x) is \/T-strongly conver and
(Ri(z) — Ri—1(x)) is uniformly Lipschitz, e.g. \/T|z|3.

Lemma 3 (Regret of FTRL). When Condition 1 holds, the sequence {x,}¢_,
generated by the FTRL update .41 € argmingep R, (z)+Y [, Fi(x) has regret
Ri=Yi_, Fi(z;) — Fi(z) < O(Vt) for all z € D.

Lemma 4 (o,-Strongly Convex Regularizer). When Y_|_, Fi(x) is o,-strongly
convez, Fy(x) uniformly L-Lipschitz over D and w,41 € argmingep ., Fi(x),
it holds ||wry1 — we|| < 2Ls/(0r + 07-1)

4 Penalized FTRL

4.1 Exact Penalties For Time-Invariant Constraints

We begin by demonstrating the application of Lemma 1 to FTRL update (1)
with time-invariant action set X. Selecting F;(z) = fi(x) + vh(zx) with h(z) =
> max{0, ¢ ()} and defining the bounded domain D with X C D, then
by standard analysis, cf. [8], the Pen-FTRL update®:

T7+1 € argmin {Rf(x) + 2_:1 Fi(w)} (4)
ensures regret Si_, (Fi(z;) — Fi(z)) < O(v/1) for all z € D, and since X € D

for all x € X. Of course this says nothing about whether the actions z; lie in set

3 Note the subtle yet crucial difference w.r.t. non-Pen-FTRL update (1).



X nor anything much about the regret of f;(x;), but when set X has a Slater
point and + is selected large enough then by Lemma 1 we have that z,1; € X
for all 7. It follows that F;(x;) = fi(x;) (since h(z;) = 0 when z; € X) and so

regret ZZ 1(Fi(z;) — Fi(x)) = Zle(fz(xl) — fi(z)) < O(Wt) for all z € X.

4.2 Penalties For Time-Varying Constraints

We now extend consideration to FTRL with time-varying constraints. Our aim
is to define a penalty which is zero on a set X maT 5 Xpmaz, and large enough
outside this set to force the minimum of Y, F( ) to lie in X",

Penalties Which Are Zero When = € X;_"‘” Consider extending the
penalty-based FTRL (4) to time-varying constraints. We might try selecting:

Fi(z) = fi(z) + vhi(z), with hy( Zmax{o a9 )}

but we immediately run into the following difficulty. We have that >-|_; F;(z) =
S i)+, Z] ; max{0, g(j)( )} and so to make the second term zero

requires g(])(x) < 0 for all i < 7 and j < m, i.e. requires every constraint

over all time to simultaneously be satisfied. This penalty choice h;(-) therefore

corresponds to benchmark X" whereas our interest is in set X%, It is

perhaps worth noting that this corresponds to the penalty used in the primal-

dual literature, so it is unsurprising that those results are confined to X™",
With this in mind, consider instead selecting

)= {0 )} S fo 32 |

with /1 (z) = 27" max{0, g{”) (z)}. Then,

ZFi(x) = Zfi( +vzma><{0 Zg(” }

We now have a sum-constraint in the second term, as desired. Unfortunately,
this choice of h;(-) violates the conditions needed for FTRL to achieve O(v/t)
regret. Namely, it is required that F;(-) is uniformly Lipschitz but h;(-) does not
satisfy this condition, and so neither does F;(-). To see this, observe that when
91(3 )( -) is uniformly Lipschitz with constant L, then Y., gfj )( ) has a Lipschitz
constant 7L, that scales with 7, and so there exists no uniform upper bound.
The max operator in h;(-) does not change the Lipschitz constant (see Lemma
5); thus h;(-) is 7L, Lipschitz, which prevents FTRL achieving R; < O(V/1).



These considerations lead us to the following penalty,
m 1 T .
hr(x) :ZmaX{O’TZQEJ)(iU)}- (5)
j=1 i=1

When gl(j )() is uniformly Lipschitz with constant Ly then so is h;(-) due to the
1/7 prefactor added to the sum and the following Lemma which just states that
when a function h(x) is L-Lipschitz then max{0, h(x)} is also L-Lipschitz:

Lemma 5. When |h(z)—h(y)| < L||z—y|| then | max{0, h(z)}—max{0, h(y)}| <
Ljjz —yl|.

Proof. Observe that 2max{0, h(x)} = h(z)+]|h(x)|. Therefore, 2| max{0, h(z)}
max{0, h(y)}| = |h(x) = h(y) +|h(z)]| = [h(y)]] < [h(z) = h(y)[+[[2(2)| = |A(Y)]]
(@) = h(y) + |h(z) = h(y)] < 2Lz - y]|.

<
With this choice, we can write:

ZFZ(m) = Zfl(x) + szmax {07 % Zgl(cj)(x)} '
i=1 i=1 1

j=1i=1 k=

The second term is zero when
T, € Xmar = {x eD: th(ﬂf) < 0} = {x : Zg,(f)(x) <0,5 <m,i < T}
i=1 k=1

Penalties Which Are Large When x ¢ X;’_’w“’ In addition to requiring the
penalty for time-varying constraints to be zero for x € XT‘“”, we also require
the penalty to be large enough when x ¢ )A(Z”‘”’ so as to force the minimum of
ST, Fi(z) to lie in set X** or at least to only result in O(y/7) violation.

As already noted, to use FTRL we need F;(-) to be uniformly Lipschitz,
which requires f;(-) to be uniformly Lipschitz. When f;(-) is Ly-Lipschitz then
| >0, fi(xz)| may grow linearly with 7 at rate 7L;. We therefore require the
penalty > 7_, h;(x) to also grow at least linearly with 7 since otherwise for all 7
large enough | Y7, fi(z)| > >"7_, hi(x) and the penalty may become ineffective
i.e. we can have z, ¢ X, for all 7 large enough and so end up with O(t) constraint
violation, which is no good.

We formalize the requirement the sum-penalty Y.._; h;i(z) in (5) needs to
grow quickly enough as follows. Let 8)2;’““ denote the boundary of )A(;’““, and

1o~
k;:= min (i,j):fZg,(cj)(x)20,i:1,...,7,j:1,...,m .
me@)}';ﬂam Zk;:l

That is, k, is the minimum number of constraints active at the boundary of
Xmar  QObserve that 1 < k, < 7 with, for example, k, = 7 when gl(])(ac) = gU)(x)
does not depend on i.



Condition 2 (Penalty Growth) Let z € D be a common Slater point such
that %Z;l ggj)(z) <-n<0forj=1,...,m and T > t. (the same z must
work for all T and j). We require that k. > %T for all 7 > t., where 8 >0 and
the same 8 must work for all T=1,...,t.

Time-Varying Exact Penalties. We are now in a position to extend the
penalty approach to time-varying constraints. We begin by applying Lemma 1 to
optimization problem P’: min,cp f(z) s.t. %Z;@:l g,(gj)(m) <0,i=1,---,t, j=
)

1,---,mwhere f(-)and g;”'(-),i=1,...,t,j=1,--- ,mare convex and D C R"

is convex and bounded. Let C* = argmin, ¢ g f(2). Define

t m i

1 .

H(x):= f(z)+ ’yz Zmax {07 i Zgl(cj)(x)}
=1 j=1 k=1

where v € R. Note that H(-) is convex since f(-), gl(j)

sition with max preserves convexity.

(+) are convex and compo-
Lemma 6. Assume a Slater point exists, i.e. a z€ D such that 1 22:1 g,(fj)(z) <
—n<0,i=1,...,t,7=1,...,m. Let f* := min, e ¢mae f(x). Then there exists
a finite threshold vy > 0 such that H(z) > f* for allxz € D, v > 7, with equality
only when x € )A(tm“” It is sufficient to choose vy > %(2_1

Proof. Setting the expression for 7y to one side for now, the result follows from
applying Lemma 1 to P’. Turning now to expression 7g > %(z)_l, comparing
this with the expression in Lemma 1, observe that the only change is in the
denominator, which applying Lemma 1 to P’ is maxz-gmgm{% St g,(j)(z)} =
—1. Referring to (8) in the proof of Lemma 1, it is sufficient the denominator G of

1y~ €]

o is such that Zped s Cz;:k:1g’“ (=) > 1, where A C {1,...,t} x {1,...,m}. By
assumption g,(f)(z) <-nandso 4 : 22:1 g,(f)(z) <—|Aln with |A| > 1. Now
ki€ [1,|A]], thus suffices to see setting G = —k:n also meets this requirement.

Theorem 1 (Time-Varying Exact Penalty). The sequence x,, 7 =1,...,t
generated by the FTRL update (4) with F;(x) = fi(x) + vhi(x) and h;(x) =
> max{0,+ >}, g,(j)(a:)} satisfies tr41 € X9 for T > t. when Condi-
tion 2 holds and parameter v > EXLEL where E > maxyep,ic{1,..t} (Ri(y) —

Ri(2))/i, L > maxyepie(1,..+y fi(y) — fi(z) with z € D a Slater point.

Proof. The result follows by application of Lemma 6 at times 7 > ¢, with h(z) =
R, (x)+>.[_; fi(xz). We have that h(z) — h(z) = R, (z) — R (2) + Y., (fi(z) —
fi(2)) < ET + L7. Hence for z,41 € X" it is sufficient to choose:
(E+L)yr—1 < E+L+1/7 < E+L+1

ke - B - B8
When Condition 2 holds, g > 0.

Y > =



Theorem 1 states a lower bound on «y in terms of constants £, L and . For
a quadratic regularizer R,(z) = \/7|z||3 we can choose E = max, .cp(||yll3 —
|z]13). Since functions f; are uniformly Lipschitz then |fi(2) — fi(y)] < Lz —
y|| < Ly||D| and so we can choose L = L¢||D||. A value for § may be unknown
but to apply Theorem 1 in practice we just need to select v large enough, so a
pragmatic approach is simply to make v grow with time and then freeze it when
it is large enough i.e. when the constraint violations are observed to cease.

4.3 Main Result: Penalized FTRL O(+/t) Regret & Violation

Our main result extends the standard FTRL analysis to time-varying constraints:
Theorem 2 (Penalized FTRL). Assume Conditions 1 and 2 hold for F;(x) =
fi(x) + vhi(x) with h;(z) = Z;nzl max {0, + 2221 g,(cj)(x)}, and the constraints

ggj) are uniformly Lipschitz. Let the sequence of actions {x.}t_, be generated
by the Pen-FTRL wupdate:

Tr41 € argmin R (z) + Z Fi(z) (6)
=1

Then, if v is sufficiently large, the regret and constraint violation satisfy:
t

Rii= ) filwi) = fily) SOWD,  Vii= R hilwi) SOV, Wye X

i=1
Xmaz_ {x eD: i:g,ij)(a:)SO,Vi <tj< m}Z{ﬂU €D: Zz:hk(x):()’w < t}
k=1 k=1

Proof. Regret: Applying Lemma 3 then 25:1 Fi(z;) — Fi(y) < O(Vt) for all y €
D. This holds in particular for all y € X{”‘” and for these points 22:1 Fi(y) =
22:1 fi(y). Therefore, Zle Fi(z;) — fily) < O(WV1) ie. Ry = Zle filay) —
fily) £ OWVE) — X5, hi(z:) < O(V?) since hi(z;) > 0.

Constraint Violation: By Theorem 1, x.11 € X;’“” for 7 > t.. Our interest
is in bounding the violation of X 74 by wr41. We can ignore the finite interval
from 1 to t. since it will incur at most a finite constraint violation and so not
affect an O(v/t) bound i.e. when obtaining the O(v/t) bound we can take t, =
0. We follow a “Be-The-Leader” type of approach and apply Lemma 2 with
Fi(z) = hi(z). We have that h;(z) > 0 and by Condition 2, there exists a Slater
point z € D such that h;(z) = 0, i = 1,...,t. Hence, mingep ».._, Fi(z) =
0 and argmingep ».;_; F;(z) is not empty. Now, z,41 € Xf“w = {m e D :
ST hi(z) = 0} = argmingep Y., hi(x) i.e. ;41 is a Follow-The-Leader
update with respect to Y., h;(z). Hence, by Lemma 2, it is S hi(y) >
22:1 hi(xi11), Vy € D. Multiplying both sides of this inequality by -1 and adding
S hi(xs), it follows that:

(hi(wz) - hz(y)) < Z (hl(xz) - hi(xi+1)> Yy € D.

i=1 i=1



In particular, for y € X/™** then Zle h;(y) = 0 and so

Zh x;) §zt:( — $z+1))
()

Since g;”’ is uniformly Lipschitz then by Lemma 5, we get that h; is uniformly
Lipschitz, i.e. |hi(z;) — hi(zit1)| < Lglla; — 4] and Vy < Ly Zzzl lx; —
Zit1]|, where L, is the Lipschitz constant. Since the regularizer R,(x) in the
Pen-FTRL update is y/7-strongly convex, by Lemma 4 we get that ||x; — z;41]|
is O(1/v/i) and so Y0_, ||#; — ziy1|| is O(v/1). Hence, V; < O(v/1) as claimed.

We can immediately generalize Theorem 2 by observing that a sequence of

constraints {g/ )} which are active at no more than O(v/#) time steps can be
violated while still maintaining O(v/#) overall sum-violation.

Corollary 1 (Relaxation). Define the sets

P ={j: ZmaX{OfZg (2)} < O(V1)}, and Py ={1,...,m}\ P_.

In Theorem 2 relax Condition 2 so that it only holds for the subset Py of con-
straints. Then the Pen-FTRL update still ensures O(y/t) regret and constraint
violation with respect to:

Xtm”—{xED ng )<0,i=1,. t,j€P+}.

In effect, Corollary 1 says that we only need Condition 2 to hold for a subset of
the constraints (i.e. subset P, ). The effect will be to increase the sum-violation,
but only by O(y/t). This is the key advantage of the penalty-based approach,
namely it allows a soft trade-off between sum-constraint satisfaction/violation,
Condition 2 and benchmark set X{”‘”‘. Importantly, note that the Pen-FTRL up-
date itself remains unchanged and does not require knowledge of the partitioning
of constraints into sets P4 and P_.

With this in mind, it is worth noting that we also have the flexibility to
partition the constraints in other ways. For example:

Corollary 2. Consider the setup in Theorem 2 but using penalty

m 1 % ) )
=Y max {o, - ngj)(x)} +67 (a)
j=1 k=1

Then the Pen-FTRL update ensures regret and violation
t t m
Rei= 3 (files) = fily)) <OWVD =3 (69 (@) - 6 (w)
i=1 i=1 j=1
t t m

Vo= hi(w) <OV + Y36 (@)

i=1 i=1 j=1



forallyeXgnaw:{xeD S g9 (a )go,z’:L...,t,j:L...,m}.

When 5§j) < O(1/+/t) then Corollary 2 shows that the Pen-FTRL update
achieves O(v/t) regret and violation, this Corollary will prove useful in the next
section. Other variations of this sort are also possible.

4.4 Necessity of Penalty Growth Condition

Condition 2 is necessary for Theorems 1 and 2 to hold in the sense that when
the condition is violated then there exist examples where these theorems fail.
Returning again to the example from the Introduction, selecting h;(z) accord-
ing to (5) then hi(x) = max{0, —0.01} + max{0, 2z} = max{0, <z }. Hence,
the penalty is > _ 1 hi(x) < D07 ®2Lx. When ny; < O(i) then Y7 hi(z) <
O(7) (since Y7, & < [ &di = T ) and Condition 2 is vio-
lated (slnce kr <ng, < O(r) and bO o there does not exist any > 0 such that
k. > ET) For 7 large enough the penalty Y|, h;(x) therefore inevitably be-

comes small relative to .7, fi(z) = —27x, which leads to persistent violation
of constraint < 0 i.e. Theorem 1 fails. This is what we see in Figure 2(a).

When n; < O(V/i) then "2 < O(1/+/7) and the constraint sum-violation
ST hi(z) < O(Vi). Hence, Corollary 1 still works even though Theorem 1 fails.
However, when ng ; greater than O(v/7) but less than O(i) then the constraint
violation is greater than O(v/i) and so Corollary 1 also fails.

Note that while we might consider gaining penalty growth by scaling « with
t, this is inadmissible because Condition 1 requires Fi(x)= fi(x)+~vhi(z) to be
uniformly Lipschitz, i.e., the same Lipschitz constant to apply at all times ¢.

4.5 Constraints Satisfying Penalty Growth Condition

A natural question to ask is which classes of time-varying constraints satisfy
Condition 2. In this section we present some useful examples. In particular, we
consider the classes of constraints considered by [11] and [14], since these are the
only previous works for time-varying constraints that report Ry, V; = O(V/1).

Perturbed Constraints. In [11] the considered constraints are of the form:
9 (@) = ¢V (@) + by

Yvi_th common Slater point and bgj ) upper bounded by some value, i.e., bl(.j ) <

7) Vi. For this class of constraints we have that:

Zmax{() 72( @) () +b3) } ZmaX{O g9 (z) + = Zbg)}
k=1

k=1



Defining Qij) =1 22:1 b,(cj) and Agj) (z) =1 22:1(@9) —b,), then we can rewrite
the penalty equivalently as

Zmax{ (z) + b(])}Jr(Si(j)(x)

with 5§j)(x) = max {0, g (z) + ng + Al(j)(ac)} —max {0, g () +Q§j)}. When
|A§j)(x)| is O(1/1/i) then, by Lemma 5, so is |§fJ)(x)| Hence, when |A5j)(x)|
is O(1/+/i) then we can use the fact that Condition 2 holds for constraints
g (z) + b,gj ) < 0 to show, by Corollary 2, that the Pen-FTRL update achieves
O(+/t) regret and violation with respect to benchmark set X% = {z : ¢ () +
QEJ ) < 0}. This corresponds to one extreme of [11]’s benchmark but Theorem
1 provides more general conditions under which it is applicable, while [11] only
considers constraints that are either tlme—mvarlant or i.i.d.

Alternatively, defining A(J)( ) =1 Zk 1( — b)), we can rewrite the
penalty equivalently as:

x) = Zmax {O,g(j)(q;) + ;;(j)} + 69 ()
j=1

with §§j) (z) = max{0, g9 () + b1 + AZ(-j)(I)} —max{0, g (z) + b }. Observe
that 5§j)(:z:) < 0 since AZ(.j)(:z:) < 0. Hence, 6§j)(x) does not add to the upper
bound on the sum-constraint violation and so, by Corollary 2, the Pen-FTRL up-
date achieves O(v/t) regret and violation with respect to benchmark set Xtm‘”” =
{z: g¥)(x) + bYW < 0}. This corresponds to the other extreme of [11]’s bench-
mark, and in fact corresponds to the weak benchmark X/*™ and so is perhaps
less interesting.

Families Of Constraints. Suppose the time-varying constraint functions g(j )

are selected from some family. That is, let A@ = {a{,... a$)} be a family
of functions indexed by k = 1,...,n; with afj) :D - R bemg L 4-Lipschitz
and |a,(j)( )| <@gy for all x € D. At time 4, constraint gzw = afg) for some

() is selected from family

()

ke{l,...,n;}, ie at each time step the constraint g;

AW Let n(J ) denote the number of times that function a;’is visited up to time

7 and p(]) = ng)T/T the fraction of times that a(j) is visited. With this setup
the penalty is:

=Zm:ma><{071ig§j)} Zmax{o Zpkzak }
j=1 k=1

We proceed by rewriting the penalty equivalently as

m nj
= Z max {O, Zp,(cj)ag)(x)} + 51-0)(33)
j=1 k=1



with 5(j)( ) = max {0, ZZ’ 1p,(€]2alC (z)}—max {0, 1p,(€])a,C (z)} By Lemma
5, \(520)( <R 1(pk i p,(c )) g)( )|. Assume the following condition holds:

Condition 3 (1/vt-Convergence) For ¢ > 0 there exists to > 0 and 0 <
(3 <1, 30 Dy 1p§€]) =1 such that |p(J) (j)| < €/\/T for all T > 1.

Then for all 7 > g, \5? ()] < ny famam < nfamax with 7 := max;n;. By
Corollary 2 it now follows that Pen-FTRL achleves O(\/t) regret and violation
with respect to benchmark Xm“‘” = {x S pE )ag) (x) < 0}. Observe that in
this case Xg”” = X™az je. we obtain O(y/t) regret and violation with respect

to the strong benchmark, which is very appealing. Note that we don’t need to
know the relative frequencies in advance for this analysis to work.

Example. Suppose D = [-10,10], loss function f.(x) = —2z and constraint
gr(z) alternates between a;(x) = —0.01 and az(x) =z, equaling as(x) at time
7 with probability* 0.1c¢/717¢. Figure 2(a) shows the performance vs ¢ of the
Pen-FTRL update with quadratic regularizer R, (z) = /722 and F,(z) = f,(z)+
vymax{0,p1 ra1(x) + p2,raz(x)} with parameter v = 25. It can be seen that for
¢ =1 and ¢ = 0.5 the constraint violation is well-behaved, staying close to zero,
but for c€(0.5,1) the constraint violation grows with time.

What is happening here is that when ¢=1 then p; , — 0.9, p2 - — 0.1 and
the penalty term v max{0, p1 ra1(x) + p2 raz(z)} in Fr(x) ensures the violation
S gi(x) = t(p1sa1(x) + pasas(z)) stays small. When ¢ = 0.5, then p; , — 1,
p2,r — 0 and the penalty term ensures tp; ;a1 (z) stays small while tps as(z)
is O(V/t), thus 22:1 gi(z) is O(v/t). When ¢ € (0.5,1) then again p;, — 1,
pa2,- — 0 and the penalty term ensures tp; ;a1 (x) stays small but now tps 1as(x)
is larger than O(v/f) and so 3_'_, gi(x) is also larger than O(V/1).

We claim that 1/v/t-convergence is sufficient for Pen-FTRL to achieve O(v/t)
regret and violation with respect to X*, but it remains an open question whether
or not it is also a necessary condition. Nevertheless, in simulations we observe
that when 1/v/t-convergence does not hold then performance is often poor and
that this is not specific to the FTRL algorithm, e.g. Figure 2(b) illustrates the
performance of the canonical online primal-dual update (e.g. see [11]),

+
w1 = Ip (w — a(Ofe(21) + Ae0ge(21))) s A1 = [Ae + atgt($t+1} (7)

where ITp denotes projection onto set D and step size oy = 5//t.

I.i.d Stochastic Constraints. In [14] i.i.d. constraint functions drawn from
a family are considered and a primal-dual algorithm is presented that achieves

4 Recall that CZi:o Tl%c =~ cf(;t Tl%ch = t¢ for 0 < ¢ < 1. Hence, with this choice
E[na,) =~ 0.1t° and E[p2,] =~ 0.1¢°71.
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Fig. 2: Example about the role of 1/v/t-convergence in achieving V; = O(v/1).

O(V/1) regret and expected violation. Since with high probability the empirical
mean converges at rate 1/v/¢ with high probability, we can immediately apply the
foregoing analysis to the sample paths to show that Pen-FTRL achieves O(v/1)
regret and violation with respect to X;"** with high probability. In more detail,
(4)
k

let indicator random variable I,g , = 1 when constraint function a;’’ is selected

at time ¢, and otherwise I,gjz) = 0. By the law of large numbers (we can use any
convenient concentration inequality, e.g. Chebyshev), with high probability the
empirical mean satisfies |2 Y7 T, lg] Z) —pl]| < 1/4/7 with high probability. That
is, Condition 3 holds with high probability and we are done.

Periodic Constraints. Let indicator [ ,j” = 1 when constraint function a,(cj ) is

selected at time ¢, and otherwise [ ,gjl) = 0. When the constraints are visited in a
periodic fashion then

s _ J1 i=nTP n=1,2,...
ki 0 otherwise

where T]Ej) is the period of constraint a;j). Then |2 37, I,iji) - T}j) | =1 Lﬁj -
’ k k

#| < % Hence Condition 3 holds and we are done.
k

5 Summary and Conclusions

In this paper we extend the classical FTRL algorithm to encompass time-varying
constraints by leveraging, for the first time in this context, the seminal penalty
method of [12]. We establish sufficient conditions for this new Pen-FTRL algo-
rithm to achieve O(v/t) regret and violation with respect to a strong benchmark
X{”“’” that expands significantly the previously-employed benchmarks in the lit-
erature. This result matches the performance of the best existing primal-dual



algorithms in terms of regret and constraint violation growth rates , while sub-
stantially extending the class of problems covered. The key to this improvement
lies in how the time-varying constraints are incorporated into the FTRL algo-
rithm. We conjecture that adopting a similar formulation with a primal-dual
algorithm, namely using:

Ti41 = HD(CCt — at(aft(a:t) + )\taht(ﬂﬁt))), >‘t+1 = P\t + atht(xt+1]+

where Ry (z) = 1 S, gi(2441), would allow similar performance to be achieved

by primal-dual algorithms as by FTRL but we leave this to future work.

Acknowledgments

The authors acknowledge support from Science Foundation Ireland (SFI) un-
der grant 16/IA /4610, and from the European Commission through Grant No.
101017109 (DAEMON).

References

1. Anderson, D., losifidis, G., Leith, D.: Lazy Lagrangians with Predictions for Online
Learning. arXiv:2201.02890 (2022)

2. Chen, T., Ling, Q., Giannakis, G.B.: An online convex optimization approach to
proactive network resource allocation. IEEE Transactions on Signal Processing
65(24), 63506364 (2017)

3. Hazan, E.: Introduction to online convex optimization. Foundations and Trends in
Optimization 2, 157-325 (2016)

4. Jenatton, R., Huang, J.C., Archambeau, C.: Adaptive algorithms for online convex
optimization with long- term constraints. In: Proc. of ICML. pp. 402411 (2016)

5. Liakopoulos, N., Destounis, A., Paschos, G., Spyropoulos, T., Mertikopoulos, P.:
Cautious regret minimization: Online optimization with long-term budget con-
straints. In: Proceedings of ICML. pp. 3944-3952 (2019)

6. Mahdavi, M., Jin, R., Yang, T.: Trading regret for efficiency: Online convex opti-
mization with long term constraints. Journal of Machine Learning Research 13(81),
2503-2528 (2012)

7. Mannor, S., Tsitsiklis, J.N., Yu, J.Y.: Online learning with sample path constraints.
Journal of Machine Learning Research 10(20), 569-590 (2009)

8. McMahan, H.B.: A survey of algorithms and analysis for adaptive online learning.
Journal of Machine Learning Research 18, 1-50 (2017)

9. Shalev-Shwartz, S.: Online learning and online convex optimization. Foundations
and Trends in Optimization 4, 107-194 (2011)

10. Sun, W., Dey, D., Kapoor, A.: Safety-aware algorithms for adversarial contextual
bandit. In: Proc. of ICML. pp. 3280-3288 (2017)

11. Valls, V., losifidis, G., Leith, D., Tassiulas, L.: Online convex optimization with
perturbed constraints: Optimal rates against stronger benchmarks. In: Proceedings
of AISTATS. pp. 2885-2895 (2020)

12. W.J.Zangwill: Nonlinear Programming via Penalty Functions. Management Sci-
ence 13(5), 344-358 (1967)



13. Yi, X., Li, X., Xije, L., Johansson, K.H.: Distributed online convex optimization
with time-varying coupled inequality constraints. IEEE Transactions on Signal
Processing 68, 731-746 (2020)

14. Yu, H., Nelly, M., Wei, X.: Online convex optimization with stochastic constraints.
In: Proceedings of NIPS (2017)

15. Zinkevich, M.: Online convex programming and generalized infinitesimal gradient
ascent. In: Proc. of ICML (2003)

Appendix A: Proofs

5.1 Proof of Lemma 1

Proof. Firstly note that for feasible points 2 € X we have that ¢U)(z) < 0,
j=1,---,m and so F(z) = f(z). By definition f(z) > f* = inf,cx f(x) and
so the stated result holds trivially for such points. Now consider an infeasible
point w ¢ X. Let z be an interior point satisfying ¢¥)(z) < 0, j = 1,--- ,m; by
assumption such a point exists. Let vy = % It is sufficient to show that
F(w)> f*fory >~ and G = maxje{L...,m}{g(J)( )}

Let v = 8z + (1 — B)w be a point on the chord between points w and z, with
B € (0,1) and v on the boundary of X (that is ¢/)(v) <0 forall j =1,---,m
and g\ (v) = 0 for at least one j € {1,---,m}). Such a point v exists since z
lies in the interior of X and w ¢ X. Let A:= {j:j € {1,---,m},¢") (v) = 0}
and t(z) = f(z) + 7> jcn gY)(z). Then t(v) = f(v) > f*. Also, by the con-
vexity of g\)(-) we have that for j € A that ¢ (v) = 0 < B¢V (2) + (1 —
B)g\9) (w). Since g\ (2) < 0, it follows that ¢)(w) > 0. Hence, 2 jea gV (w) =
> jea max{o, g (w)} < >t max{0, g")(w)} and so t(w) < F(w,). Now, ob-
serve that ¢(2) = f(2)+7 24 99 (2) < f(2)+70 24 99 (2) since gV (2) < 0
and v > 7. Hence,

> ea9? (2)

Hz) < f(2) + (7 = () - )= (8)

G
Selecting G such that X:J%g)() > 1 then t(z) < f* —1 < t(v) — 1. So we
have established that f* < ¢(v), #(z) < t(v) — 1 and t(w) < F(w). Finally,
by the convexity of ¢(-), t(v) < Bt(z) + (1 — B)t(w). Since t(z) < t(v) — 1 it

z)
follows that t(v) < B(t(v) — 1) + (1 — B)t(w) i.e. t(v) < —% + t(w). Therefore
< —% + F(w) < F(w) as claimed.



